As a generalization of polyominoes we consider edge-to-edge connected nonoverlapping unions of regular k-gons. For n ≤ 4 we determine formulas for the number a k (n) of generalized polyominoes consisting of n regular k-gons. Additionally we give a table of the numbers a k (n) for small k and n obtained by computer enumeration. We finish with some open problems for k-polyominoes.
Introduction
A polyomino, in its original definition, is a connected interior-disjoint union of axis-aligned unit squares joined edge-to-edge. In other words, it is an edge-connected union of cells in the planar square lattice. For the origin of polyominoes we quote Klarner [13] : "Polyominoes have a long history, going back to the start of the 20th century, but they were popularized in the present era initially by Solomon Golomb i.e. [5, 6, 7] , then by Martin Gardner in his Scientific American columns." At the present time they are widely known by mathematicians, physicists, chemists and have been considered in many different applications, i.e. in the Ising Model [2] . To give an illustration of polyominoes Figure 1 depicts the polyominoes consisting of at most 5 unit squares.
One of the first problems for polyominoes was the determination of there number. Altough there has been some progress, a solution to this problem remains outstanding. In the literature one sometimes speaks also of the cell-growth problem and uses the term animal instead of polyomino.
Due to its wide area of applications polyominoes were soon generalized to the two other tessellations of the plane, to the eight Archimedean tessellations [4] and were also considered as unions of d-dimensional hypercubes instead of squares. For the known numbers we refer to the "Online Encyclopedia of Integer Sequences" [19] . In this article we generalize concept of polyominoes to unions of regular nonoverlapping edgeto-edge connected k-gons. For short we call them k-polyominoes. An example of a 5-polyomino, which reminds somewhat to Penrose's famous non-periodic tiling of the plane, is depicted in Figure 2 . In the next sections we determine exact formulas for the number a k (n) of nonisomorphic k-polyominoes with k ≤ 4 and give some further values for small parameters k and n obtained by computer enumeration. So far edge-to-edge connected unions of regular k-gons were only enumerated if overlapping of the k-gons is permitted [9] . We finish with some open problems for k-polyominoes.
Formulas for the number of k-polyominoes
By a k (n) we denote the number of nonisomorphic k-polyominoes consisting of n regular kgons as cells where a k (n) = 0 for k < 3. For at most two cells we have a k (1) = a k (2) = 1. If n ≥ 3 we characterize three edge-to-edge connected cells C 1 , Figure 3 : Angle β = ∠(P 1 , P 2 , P 3 ) between three neighbored cells.
C 2 and C 3 of a k-polyomino, see Figure 3 , by the angle β = ∠(P 1 , P 2 , P 3 ) between the centers of the cells. Since these angles are multiples of 2π k we call the minimum
the discrete angle between C 1 , C 2 , and C 3 and denote it by δ(C 1 , C 2 , C 3 ).
Lemma 1
Two k-gons C 1 and C 3 joined via an edge to a k-gon C 2 are nonoverlapping if and only if δ(
. The three k-gons are neighbored pairwise if and only if k ≡ 0 mod 6.
Proof. We consider Figure 3 and set
. If the cells C 1 and C 3 are nonoverlapping we have P 1 P 3 ≥ P 1 P 2 because the lengths of the lines P 1 P 2 and P 2 P 3 are equal. Thus β ≥ 
is necessary. Now we consider the circumcircles of the cells C 1 and C 3 , see Figure 4 . Due to β ≥ 2π 6
only the circlesegments between points P 4 , P 5 and P 6 , P 7 may intersect. The last step is to check that the corresponding lines P 4 P 5 and P 6 P 7 do not intersect and they touch each other if and only if k ≡ 0 mod 6. 
Corollary 2 The number of neighbors of a cell in a k-polyomino is at most
With the aid of Lemma 1 we are able to determine the number a k (3) of k-polyominoes consisting of 3 cells.
Theorem 3
Proof. It suffices to determine the possible values for δ(C 1 , C 2 , C 3 ). Due to Lemma 1 we have
and due to to symmetry considerations we have δ(
. In order to determine the number of k-polyominoes with more than 3 cells we describe the classes of k-polyominoes by graphs. We represent each k-gon by a vertex and join two vertices exactly if they are connected via an edge. Figure 5 is given by
Lemma 4 The number of k-polyominoes with a graph isomorphic to one of the first three ones in
Proof. We denote the cell corresponding to the unique vertex of degree 3 in the graph by C 0 and the three other cells by C 1 , C 2 , and C 3 . With
, and
. Because the k-polyominoes with a graph isomorphic to one of the first three ones in Figure 5 are uniquely described by δ 1 , δ 2 , δ 3 , due to Lemma 1 and due to symmetry their number equals the number of partitions of m into at most three parts. This number is the coefficient of x m in the Taylor series of
in x = 0 and can be expressed as In Lemma 1 we have given a condition for a chain of three neighbored cells avoiding an overlapping. For a chain of four neighbored cells we have to consider the two cases of Figure 6 . In the second case the two vertices of degree one are not able to overlap so we need a lemma in the spirit of Lemma 1 only for the first case. 
The chain is indeed a 4-cycle if and only if
Proof. We start with the second statement and consider the quadrangle of the centers of the 4 cells. Because the angle sum of a quadrangle is 2π we have
Due to the fact that the side lengths of the quadrangle are equal we have
which is equivalent to the statement.
is a necessary condition. Similar to the proof of Lemma 1 we consider the circumcircles of the cells C 1 , C 4 and check that the cells do not intersect. Figure 5 is Proof. Because each of the last two graphs in Figure 5 contains a path of length 3 as a subgraph we consider the two cases of Figure 6 . We denote the two interesting discrete angles by δ 1 and δ 2 . Due to symmetry we may assume δ 1 ≤ δ 2 and because the graphs do not contain a triangle we have δ 2 ≥ δ 1 ≥ k+6 6
Lemma 6 For k ≥ 3 the number of k-polyominoes with a graph isomorphic to one of the last two ones in
due to Lemma 1. From the definition of the discrete angle we have
. To avoid double counting we assume
in the second case, so that we get a number of
+ 2 2 k-polyominoes. With Lemma 5 and a look at the possible symmetries the number of k-polyominoes in the first case is given by
A little calculation yields the proposed formulas.
Theorem 7 For k ≥ 3 we have
for k ≡ 0 mod 12,
for k ≡ 1 mod 12,
for k ≡ 2 mod 12,
for k ≡ 3 mod 12,
for k ≡ 4 mod 12,
for k ≡ 5 mod 12,
for k ≡ 6 mod 12,
for k ≡ 7 mod 12,
for k ≡ 8 mod 12,
for k ≡ 9 mod 12,
for k ≡ 10 mod 12,
for k ≡ 11 mod 12.
Proof. The list of graphs in Figure 5 is complete because the graphs have to be connected and the complete graph on 4 vertices is not a unit distance graph. Adding the formulas from Lemma 4 and Lemma 6 yields the theorem. Table 1 : Number of k-polyominoes with n cells for small k and n.
Now we go into more detail how the computer enumeration was done. At first we have to represent k-polyominoes by a suitable data structure. As in Lemma 1 a k-polyomino can be described by the set of all discrete angles between three neighbored cells. By fixing one direction we can define the discrete angle between this direction and two neighbored cells and so describe a k-polyomino by an n × n-matrix with integer entries. Due to Corollary 2 we can also describe it as a 6 × n-matrix by listing only the neighbors. To deal with symmetry we define a canonical form for these matrices. Our general construction strategy is orderly generation [18] , where we use a variant introduced in [15, 17] . Here a k-polyomino consisting of n cells is constructed by glueing two k-polyominoes consisting of n − 1 cells having n − 2 cells in common. There are two advantages of this approach. In a k-polyomino each two cells must be nonoverlapping. If we would add a cell in each generation step we would have to check n − 1 pairs of cells whether they are nonoverlapping or not. By glueing two k-polyominoes we only need two perform one such check. To demonstrate the the second advantage we compare in Table 3 the numbers c 1 (n, k) and c 2 (n, k) of candidates produced by the original version and the used variant via glueing of orderly generation.
To avoid numerical twists in the overlapping check we utilize Gröbner bases [1] . Table 3 : Number of candidates c 1 (n, k) and c 2 (n, k) for k-polyominoes with n cells.
Open problems for k-polyominoes
For 4-polyominoes the maximum area of the convex hull was considered in [3] . If the area of a cell is normalized to 1 then the maximum area of a 4-polyomino consisting of n squares is given by n + . The second author has proven an analogous result for the maximum content of the convex hull of a union of d-dimensional units hypercubes [14] , which is given by I⊆{1,...,d} 1 |I|! i∈I n − 2 + i d
for n hypercubes. For other values of k the question for the maximum area of the convex hull of k-polyominoes is still open. Besides from [11] no results are known for the question of the minimum area of the convex hull, which is non trivial for k = 3, 4.
Another class of problems is the question for the minimum and the maximum number of edges of k-polyominoes. The following sharp inequalities for the number q of edges of kpolyominoes consisting of n cells were found in [8] and are also given in [10] .
n + 1 2 n + √ 6n ≤ q ≤ 2n + 1 k = 4 : 2n + 2 √ n ≤ q ≤ 3n + 1 k = 6 : 3n − √ 12n − 3 ≤ q ≤ 5n + 1
In general the maximum number of edges is given by (k − 1)n + 1. The numbers of 4-polyominoes with a minimum number of edges were enumerated in [16] . Since for k = 3, 4, 6 regular k-gons do not tile the plane the question about the maximum density δ(k) of an edge-to-edge connected packing of regular k-gons arises. In [12] δ(5) = 3
is conjectured.
